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The singularity problem and phase-space noncanonical noncommutativity
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The Wheeler-DeWitt equation arising from a Kantowski-Sachs model is considered for a
Schwarzschild black hole under the assumption that the scale factors and the associated momenta
satisfy a noncanonical noncommutative extension of the Heisenberg-Weyl algebra. An integral of
motion is used to factorize the wave function into an oscillatory part and a function of a configura-
tion space variable. The latter is shown to be normalizable using asymptotic arguments. It is then
shown that on the hypersufaces of constant value of the argument of the wave function’s oscillatory
piece, the probability vanishes in the vicinity of the black hole singularity.
PACS numbers: 04.20.Dw, 11.10.Nx
I. INTRODUCTION
Pioneering work in the context of quantum gravity and
string theory [1] has led to great interest in noncommuta-
tivity aspects of quantum gravity, quantum field theory
[2] and quantum mechanics [3]. It is generally believed
that some sort of noncommutativity may arise as one ap-
proaches the Planck scale. Noncommutativity may also
be relevant in the context of black holes (BHs) physics.
To avoid having to deal with an infinite number of de-
grees of freedom, one usually resorts to minisuperspace
models. Starting from a suitable metric, one obtains via
the ADM procedure the Wheeler-DeWitt (WDW) equa-
tion. Most often the solutions of the latter are not square
integrable and thus one faces the problem of determining
a “time” variable and a measure, such that on constant
“time” hypersurfaces, the wave-function is normalizable
and the square of its modulus is a bona fide probability
density. A square integrable wave function would allow,
for instance, to address the problem of the BH singularity
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by computing the probability near the singularity .
Some steps in that direction were taken in Refs.
[4, 5, 6]. The Kantowski-Sachs (KS) metric was cho-
sen, as it is integrable and it involves two scale factors,
which is the minimum number of degrees of freedom for
incorporating noncommutativity. Moreover, by a sur-
jective mapping, one can describe the interior of the
Schwarzshild black hole by the KS model. In Ref. [6]
only configuration space noncommutativity was consid-
ered: [Ω, β] = iθ, where Ω, β are the scale factors and
θ is a real constant. However, it is found in the cos-
mological and BH context, that this type of noncommu-
tativity does not lead to any new qualitative features
with respect to the commutative problem. On the other
hand, it was shown in Refs. [4, 5], that by imposing
noncommutativity in the momentum sector as well, i.e.
[PΩ, Pβ ] = iη, where η is a real constant and PΩ, Pβ are
momenta conjugate to Ω, β respectively, several interest-
ing features arise: (i) For the Schwarzschild BH, it is
found that the potential for the Schro¨dinger-like problem
has a stable minimum. In the neighborhood of this min-
imum, one is able to perform a saddle point evaluation
of the partition function and compute the relevant BH
temperature and entropy; (ii) The solution of the WDW
equation was shown to factorize into the product of an
oscillatory function and a function which displays a con-
spicuous damping behavior. This damping does not lead
to a full-fledged square integrable function, but the wave
function does vanish at infinity, where the BH singularity
is located. This leads one to conjecture whether another
type of noncommutativity might yield a truly normaliz-
able wave-function. In this letter it is shown that this
is indeed possible. The crux of the argument lies on the
2choice of a noncanonical noncommutative algebra, which
is nevertheless isomorphic to the Heisenberg-Weyl (HW)
algebra. By noncanonical, it is meant that the commu-
tation relations are not constants. Algebras of this kind
have been thoroughly investigated in noncommutative
quantum field theory (see, for instance, [7] and references
therein) and in mathematical physics. For instance, the
algebraic structure of the reduced phase space formula-
tion of systems with second class constraints is typically
a noncanonical noncommutative one [8].
In what follows, the KS metric formulation of the
Schwarzschild BH is reviewed, and the noncommutative
algebra and the isomorphic mapping to the HW alge-
bra are defined. From this map, a quantum represen-
tation of the noncanonical algebra is determined, which
is then used to obtain the noncommutative WDW equa-
tion. Through a suitable constant of motion, the WDW
equation is reduced into an ordinary differential equa-
tion. By resorting to asymptotic arguments and some
results from the spectral theory of self-adjoint operators,
it is shown that the solutions of this ordinary differential
equation are square integrable.
II. PHASE-SPACE NONCOMMUTATIVE
QUANTUM COSMOLOGY
In here the following system of units is used ~ = c =
G = 1. The Schwarzschild metric for the interior region
of a BH of mass M is given by [5]:
ds2 = −
(
2M
t
− 1
)−1
dt2 +
(
2M
t
− 1
)
dr2 +
+ t2(dθ2 + sin2 θdϕ2) . (1)
This is an anisotropic metric, thus for r < 2M a
Schwarzschild BH can be described as an anisotropic
cosmological space-time. Indeed, the metric (1) can be
mapped by the KS metric [5, 6], which, in the Misner
parametrization, can be written as
ds2 = −N2dt2+e2
√
3βdr2+e−2
√
3βe−2
√
3Ω(dθ2+sin2 θdϕ2) ,
(2)
where Ω and β are scale factors, and N is the lapse func-
tion. For t < 2M , the identification
N2 =
(
2M
t
− 1
)−1
, e2
√
3β =
(
2M
t
− 1
)
,
e−2
√
3βe−2
√
3Ω = t2 , (3)
allows for turning the metric Eq. (2) into the metric Eq.
(1). The black hole singularity lies at t = r = 0, which
according to Eqs. (3) corresponds to β,Ω −→ +∞.
In the present work, one considers the following non-
canonical extension of the HW algebra:[
Ωˆ, βˆ
]
= iθ
(
1 + ǫθΩˆ +
ǫθ2
1 +
√
1− ξ Pˆβ
)
(4)[
PˆΩ, Pˆβ
]
= i
(
η + ǫ(1 +
√
1− ξ)2Ωˆ + ǫθ(1 +
√
1− ξ)Pˆβ
)
[
Ωˆ, PˆΩ
]
=
[
βˆ, Pˆβ
]
= i
(
1 + ǫθ(1 +
√
1− ξ)Ωˆ + ǫθ2Pˆβ
)
,
where θ, η and ǫ are positive constants and ξ = θη < 1.
The remaining commutation relations vanish. It is well
known from Darboux’s Theorem, that one can always
find a system of coordinates, where locally the algebra
looks like the HW algebra. For this algebra, this state-
ment also holds globally, so that the algebra is isormor-
phic to the HW algebra. One calls this isomorphism a
Darboux (D) transformation. D transformations are not
unique. Indeed, the composition of a D transformation
with a unitary transformation yields another D transfor-
mation.
Suppose that
(
Ωˆc, PˆΩc , βˆc, Pˆβc
)
obey the HW algebra:[
Ωˆc, PˆΩc
]
=
[
βˆc, Pˆβc
]
= i[
Ωˆc, βˆc
]
=
[
Ωˆc, Pˆβc
]
=
[
βˆc, PˆΩc
]
= 0 . (5)
Then a suitable transformation would be:
Ωˆ = λΩˆc − θ
2λ
Pˆβc + EΩˆ
2
c , βˆ = λβˆc +
θ
2λ
PˆΩc
PˆΩ = µPˆΩc +
η
2µ
βˆc , Pˆβ = µPˆβc −
η
2µ
Ωˆc + F Ωˆ
2
c . (6)
Here, µ, λ are real parameters such that (λµ)2−λµ+ ξ
4
=
0⇔ 2λµ = 1 +√1− ξ, and
E = − θ
1 +
√
1− ξ F
F = −λ
µ
ǫ
√
1− ξ
(
1 +
√
1− ξ
)
. (7)
The inverse D is easily computed:
Ωˆc =
1√
1− ξ
(
µΩˆ +
θ
2λ
Pˆβ
)
PˆΩc =
1√
1− ξ
(
λPˆΩ − η
2µ
βˆ
)
βˆc =
1√
1− ξ
(
µβˆ − θ
2λ
PˆΩ
)
(8)
Pˆβc =
1√
1− ξ
[
λPˆβ+
η
2µ
Ωˆ− Fµ√
1− ξ
(ˆ
Ω +
θ
1 +
√
1− ξ Pˆβ
)2]
.
This means that these two algebras are isomorphic. It
can be shown using Eqs. (6) and (8) that the algebra
Eq. (4) implies the HW algebra, Eq. (5), and vice-versa.
One considers now the Hamiltonian associated to the
WDW equation for the KS metric and a particular factor
ordering [4],
Hˆ = −Pˆ 2Ω + Pˆ 2β − 48e−2
√
3Ωˆ. (9)
3Upon substitution of Eqs. (6), one obtains:
Hˆ = −µ2Pˆ 2Ωc −
η2
4µ2
βˆ2c − ηβˆcPˆΩc + µ2Pˆ 2βc +
η2
4µ2
Ωˆ2c +
+ F 2Ωˆ4c − ηΩˆcPˆβc + 2µF Ωˆ2cPˆβc −
ηF
µ
Ωˆ3c +
− 48 exp
(
−2
√
3λΩˆc +
√
3θ
λ
Pˆβc − 2
√
3EΩˆ2c
)
. (10)
In the previous expression, the HW operators have the
usual representation: Ωˆc = Ωc, βˆc = βc, PˆΩc = −i ∂∂Ωc
and Pˆβc = −i ∂∂βc . Let us now define the operator Aˆ,
which is analogous to the constant of motion that was
defined for the problem discussed in Ref. [4] (which con-
siders the same spacetime setup, but assumes a canonical
noncommutative algebra):
Aˆ = µPˆβc +
η
2µ
Ωˆc. (11)
A simple calculation reveals that for the noncommutative
algebra Eq. (4), Aˆ also commutes with the Hamiltonian
Hˆ , Eq. (9), [
Hˆ, Aˆ
]
= 0 . (12)
Thus one looks for solutions ψ (Ωc, βc) of the WDW equa-
tion,
Hˆψ = 0 , (13)
which are simultaneous eigenstates of Aˆ. The most gen-
eral solution of the eigenvalue equation Aˆψ = aψ with a
real is,
ψa (Ωc, βc) = R (Ωc) exp
[
iβc
µ
(
a− η
2µ
Ωc
)]
, (14)
where R (Ωc) is an arbitrary C2 function of Ωc, which is
assumed to be real.
From Eqs. (10), (13), and (14), one gets after some
algebraic manipulation
µ2R′′ − 48 exp
(
−2
√
3
µ
Ωc − 2
√
3EΩ2c +
√
3θa
µλ
)
R+
−2η
µ
(
Ωc + FΩ
3
c
)R+ F 2Ω4cR+
+a2R+
(
η2
µ2
+ 2aF
)
Ω2cR = 0 . (15)
The dependence on βc has completely disappeared and
one is effectively left with an ordinary differential equa-
tion for R (Ωc). Through the substitution, Ωc = µz,
d2
dΩ2
c
= 1
µ2
d2
dz2
and R (Ωc(z)) := φa(z) one obtains
a second order linear differential equation, which is a
Schro¨dinger-like equation
− φ′′a(z)− V (z)φa(z) = 0 , (16)
where the potential function, V(z), reads:
V (z) = − (ηz − a)2 − F 2µ4z4 − 2Fµ2(ηz − a)z2 +
+ 48 exp
(
−2
√
3z − 2
√
3µ2Ez2 +
√
3θa
µλ
)
. (17)
Equation (16) depends explicitly on the noncommutative
parameters θ, η, ǫ and the eigenvalue a.
Notice that E > 0. One concludes from Eq. (17)
that asymptotically (z → ∞), the potential function is
dominated by the term
V (z) ∼ −F 2µ4z4, (18)
which leads to L2 solutions of the Schro¨dinger equation
(16). Indeed, the Hamiltonian H = − ∂2
∂z2
− F 2µ4z4 is
self-adjoint [9] in L2, its spectrum is continuous and the
eigenfunction corresponding to the eigenvalue zero and
eigenvalue a of Aˆ has the asymptotic form:
φa(z) ∼ 1
z
exp
[
±iFµ2
3
z3
]
. (19)
Consequently, a generic solution of the WDW equation
can be written as
ψ(Ωc, βc) =
∫
C(a)ψa(Ωc, βc)da , (20)
where C(a) are arbitrary complex constants and
ψa(Ωc, βc) is of the form:
ψa(Ωc, βc) = φa
(
Ωc
µ
)
exp
[
iβc
µ
(
a− η
2µ
Ωc
)]
, (21)
where φa(Ω/µ) is a the solution of Eq. (16). Given that
the wave function is oscillatory in βc, it seems natural
to fix a constant βc-hypersurface. This suggests that a
measure δ(β − βc)dβdΩc should be considered for the
computation of probabilities. Thus, the BH probability
P (r = 0, t = 0) at the singularity would be given by:
P (r = 0, t = 0) = lim
Ωc,βc→+∞
∫ +∞
Ωc
|ψ(Ω˜c, βc)|2dβcdΩ˜c
≃ lim
Ωc→+∞
∫ +∞
Ωc
∣∣∣∣∣φa
(
Ω˜c
µ
)∣∣∣∣∣
2
dΩ˜c = 0 , (22)
where in the last step, it has been used the fact that
φa(Ω/µ) is square integrable.
III. CONCLUSIONS
In this work a KS cosmological model for the interior
of a Schwarzshild BH is considered. It is shown that a
noncanonical form of the phase-space noncommutativity
leads to a natural factorization of the solutions of the
WDW equation into an oscillatory function of the scale
factor βc and a square integrable function of Ωc. On the
4constant βc-hypersurfaces the solutions of the NCWDW
equation display a zero asymptotic probability thus prov-
ing that in the vicinity of the singularity the BH probabil-
ity distribution vanishes. This result seems to be quite
robust as the asymptotic property is shared by all the
solutions of the WDW equation, and is thus valid inde-
pendently of the particular initial wave function.
The regularization of the BH singularity is a relevant
novel result and relies on several steps. One first ap-
proaches the Schwarzschild BH through a map to the
KS cosmological model. Noncanonical phase-space non-
commutative relations are then imposed for the KS scale
factors and the respective canonical conjugate momenta.
The identification of a constant of motion of the asso-
ciated classical problem leads to the identification of an
operator Aˆ, that commutes with the Hamiltonian of the
system. Through the eigenvalue equation of Aˆ it is pos-
sible to reduce the problem of determining the solutions
of WDW equation to that of solving a Schro¨dinger-like
ordinary second-order differential equation, whose poten-
tial is asymptotically dominated by a quartic term. The
corresponding Hamiltonian operator is self-adjoint in L2
and the asymptotic behavior of its solutions admits a
suitable probability definition at the singularity, which is
shown to be vanishing.
Acknowledgments
The work of CB is supported by FCT un-
der the grant SFRH/BD/24058/2005. The
work of NCD and JNP was partially supported
by Grants No. PTDC/MAT/69635/2006 and
PTDC/MAT/099880/2008 of the Portuguese Science
Foundation FCT.
[1] A. Connes, M.R. Douglas and A. Schwarz, JHEP 9802
(1998) 003; N. Seiberg and E. Witten, JHEP 9909 (1999)
032.
[2] M.R. Douglas, N.A. Nekrasov, Rev. Mod. Phys. 73 (2001)
977; R. Szabo, Phys. Rep. 378 207 (2003) 207.
[3] O. Bertolami, J. G. Rosa, C. Araga˜o, P. Castorina and D.
Zappala`, Phys. Rev. D 72 (2005) 025010; O. Bertolami,
J. G. Rosa, C. Araga˜o, P. Castorina and D. Zappala`, Mod.
Phys. Lett. A 21 (2006) 795; Jian-zu Zhang, Phys. Rev.
Lett. 93 (2004) 043002; Jian-zu Zhang, Phys. Lett. B 584
(2004) 204; C. Acatrinei, Mod. Phys. Lett. A 20 (2005)
1437; C. Bastos, O. Bertolami, N.C. Dias and J.N. Prata,
J. Math. Phys. 49 (2008) 072101; C. Bastos, O. Bertolami,
N.C. Dias and J.N. Prata, Int. J. Mod. Phys. A 24 (2009)
2741.
[4] C. Bastos, O. Bertolami, N.C. Dias and J.N. Prata, Phys.
Rev. D 78 (2008) 023516.
[5] C. Bastos, O. Bertolami, N.C. Dias and J.N. Prata, Black
Holes and Phase-Space Noncommutativity, 0907.1818 [gr-
qc], to appear in Phys. Rev. D.
[6] J.C. Lo´pez-Dominguez, O. Obrego´n, M. Sabido and C.
Ramirez, Phys. Rev. D 74 (2006) 084024.
[7] M. Daszkiewicz, J. Lukierski, M. Woronowicz, Phys. Rev.
D 77 (2008) 105007.
[8] M. Henneaux, C. Teitelboim, Quantization of Gauge
Fields (Princeton University Press, 1992).
[9] B.L. Voronov, D.M. Gitman and I.V. Tyutin, Self-adjoint
differential operator associated with self-adjoint differen-
tial expressions, quant-ph/0603187.
